
PH2454 Week 1:

↳DirneSpiritualism
Informal derivation of the klein-Gordon equation:

Quantizing the Schroding equation to relativity:

p2
E =

2m
+V

->
(-2+v)4 =itE

P-s- ihY

E-it Schrodinger

Similarly, E =nicl+p2c2 (pMPr-mic =0)

↳
Part Itte (-422( -m2] P =0

Klein Gordon
Spin-c

K2 equation describes spinto particles. Or:

(B+m2) x =0 (c=k =1)



Fermions:factoring the klein-Gordon equation

Case 0: pM = (p., 0). Easy, since (p02- m2 =0

implies (potm) (p0-m) =0.

which is satisfied by po: 1m (c).

Casel:pM=(PPP). Less straightforward.

(pp - M2c2) =(B"Px +mc)(2", - mc)
=B"2"PxPx -m22 - me ("p,-2"Px)

So we require 2" = B", no terms linear in pr

Hence PMPr: 2"2"PrP, or

(PO) - (P.)-(P2)"-(P3)
2

=(8%(P0) +(21-(P.)
2
=(844P2) +(YYP4)"

+(200' +212%) PP, +(2082 -820)PoPz
+(0 +832% PoPs +

...

which implies (8%) =1, (213) =-1, 222=0.
(M+r)

=>Ge, 23:2gro

In general (see QFTfor proper derivation



2
=B =(0 =).2i =(-)

Oi=parli matrices

are 4x4matrices (are not elements of a four-vector).

Thus, with these properties,

p"Pu - m2 =(2Pu +n)(2-Pr-m) =0

and we can choose either factor to define as the Dirac

equation. Under quantization, Pu-item, which now operates

on a four-component Diran Bispina 4:(i).
Thatis, like-m)4 =0 * = rem

It is not a four-vector - ittransforms differently under

boosts and rotations in 4-space.

Thatis,
At C_V;

4-4 =S4 where S = I a_c: at I 4x4 metrix

and i= 1,2,3 represents the boost axis,

at =12 12 is relativistic correction



Under these transformation, the contraction itis not a

Lorentzinvariant, butdefining the Dirce Adjoint i =its, then

4is a Lorentz invariant.

Similarly, under a parity transformation, we have it:B4 which

immediatly shows that it is invariant under parity since 2:1.

Define the "fifth gamece Matrix"28: ips" :(i!), and
the quantity test is now a pseudoscular - Lorentz invariant

but introduces a minus sign under parity

(4254)- - FC54.

We also have [29,213:0, (2i =1, 2it = 25.

There are a total of 16 bilinear forms:

Quantity Components Parity

Scalar i4 I t

Pseudoscular Try I -

Vector gr 4 Spatial-

Pseudovector jyyey ↳ spactical ->

Tensor Iama 6



where cur:(24,223-

Stationary Spinos of the Dirac Equation

That is, like-me)4 =0 such that0R= 10,0,0)

(P =0, since pi-itism under quantization

Then its - Mc4 =0.

In matrixform,

1!i)() =-(e) Where each IIare

2- component spinors.

Expanding and solving the ODEyields

4+(t) =e
- i(mc2/t)t

n,(0)
forward in time (particle)

4-(t) =ei(m/h) tx
- (0)

backwards in time (antiparticle)

So Idescribes electrons (4-(0):(0), (i)) with spin up/down

and 4- describes positions (4-(0)=(0), (91) with spin up/down



or
editor in normal

Non-Stationary States of Dirac Equation: I
notation

person

We seek plane wave solutions of the form 4(r.t):a eE(Et-p.r) n/E,),

So the Dirae equation becomes

(P-me)n =0

when substituted in. In matrixform, this is equivalently

IE) (te
Thisgives two coupled equations in Me and is:

u
+==wc2(P-)n-
u
=

=Efcz (P.) e+

which implies U1= E4 (P.)21.

The factor p.8 is the matrixpolynomial

p.a=(Pips P)



and sinces 02
=1, IP.E):IPP (easy tocheck).

We the find that the solution UI:EnEmicylPPe1

requires thatE=m24+p222 (both+1- solutions!)

This yields the explicitsolutions
I

-e, N IDe I U2 =N Ga,iei
((P1+iPz)
E+Uc2

(particles) E> o

T =re V2 =NGreen
Cantiparticles) Ec 0

The relativistic carefunction normalization requires thatUIU1:E

which, under expansion of 4.2/Vie, has N=/(/E) +mcl/c'



Spin Operators for Bispinors:

5 =EE; z =(=I)

When Sz axis choice aligns with thatof the momenture direction , them

Hi,My are spin-up; Me,My are spin-down.

To representantifermion solutions, we flip the signs of both E and in

v, and U2 (already specified).

in solves (P-me)n =0

~ solves (P + me)V =0.


